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Welcome

We would like to welcome you all to Klagenfurt, and we are looking forward to an interesting
and inspiring Austrian Numerical Analysis Day 2018.

Following the spirit and the tradition of previous events in this series of workshops, the
14th Austrian Numerical Analysis Day will be held at the Department of Mathematics of the
Alpen-Adria-Universität Klagenfurt. The aim of this annual workshop is to inform about ac-
tivities in the fields of numerical analysis and applied mathematics. Scientists from Austrian
universities and other research institutions are invited to present their research, exchange
ideas, and start new collaborations.

We wish you a scientifically constructive and enjoyable time in Klagenfurt. If you have any
request, please do not hesitate to contact us.

Anita, Barbara, Elena, Mechthild



Schedule

Thursday, May 3, 2018

8:30 – 8:50 Registration
8:50 – 9:00 Opening

9:00 – 10:30 First morning session
Chair: Thalhammer Mechthild
KALTENBACHER MANFRED

Helmholtz–Hodge decomposition of compressible flows
NIKOLIĆ VANJA

Shape optimization for nonlinear ultrasound focusing
DOHR STEFAN

A parallel space-time boundary element method for the heat equation
ZANK MARCO

A stabilised space-time finite element method for the wave equation
HAUSER JULIA

On space-time formulations for Maxwell’s equations
STEINBACH OLAF

Boundary element methods for shape optimization problems
10:30 – 11:00 Coffee
11:00 – 12:15 Second morning session

Chair: Perugia Ilaria
PICHLER FRANZ

Implicit-multiscale-finite-element implementation of distributed multi-
scale simulations
COURT SÉBASTIEN

A fictitious domain approach for a finite element method solving the two-
phase Stokes problem with surface tension
BONIZZONI FRANCESCA

Entropy preserving DG discretization for Fisher’s equation
MASCOTTO LORENZO

Non-conforming harmonic virtual element method: h- and p-versions
PICHLER ALEXANDER

Nonconforming Trefftz virtual element method for the Helmholtz problem
12:15 – 14:00 Lunch break
14:00 – 15:15 First afternoon session

Chair: Auzinger Winfried
OVCHAROVA NINA

Numerical treatment of semicoercive contact problem with nonmonotone
friction
HOFSTÄTTER HARALD

Order conditions for exponential integrators
JAWECKI TOBIAS

A computable strict upper bound for Krylov subspace approximations to the
exponential of skew-Hermitian matrices



KOCH OTHMAR

Adaptive exponential Lawson methods for nonlinear Schrödinger equations
SU CHUNMEI

A uniformly accurate finite difference method for the Zakharov equations in
the subsonic limit regime

15:15 – 15:45 Coffee
15:45 – 17:00 Second afternoon session

Chair: Schöberl Joachim
DANCZUL TOBIAS

A reduced basis method for fractional diffusion operators
LACKNER CHRISTOPHER

MRI simulations using finite element methods
LEDERER PHILIP

A mass conserving mixed stress formulation for incompressible flows
NEUNTEUFEL MICHAEL

Fluid-structure interaction with H(div)-conforming HDG and a new H(curl)-
conforming method for non-linear elasticity
WINTERSTEIGER CHRISTOPH

Runge-Kutta type time-stepping for mapped tent pitching schemes
17:00 – 17:15 Drinks
17:15 – 18:30 Third afternoon session

Chair: Kaltenbacher Barbara
ENDTMAYER BERNHARD

Adaptive refinement for multiple goal functionals applied to nonlinear prob-
lems
NEUMÜLLER MARTIN

An energy-conserving isogeometric space-time method for the wave equation
SCHAFELNER ANDREAS

Space-time finite element methods for parabolic initial-boundary-value
problems with variable coefficients
TAKACS STEFAN

Robust multigrid solvers for isogeometric analysis
ZAPPALÁ SIMONE

Numerical stability of spline-based Gabor-like systems
19:45 Conference dinner

Hotel Restaurant Rösch
Optional meeting at university at 19:30



Friday, May 4, 2018

9:00 – 10:15 First morning session
Chair: Ostermann Alexander
BANZ LOTHAR

hp-Finite elements for elliptic optimal control problems with control con-
straints
GASTEIGER MARKUS

A new data structure for stencil matrices
PFURTSCHELLER LENA-MARIA

Polynomial chaos expansion for solving stochastic LQR problems
PIAZZOLA CHIARA

A low-rank integrator for semilinear stiff matrix differential equations
RESIDORI MIRKO

Transparent BCs for the KdV equation
10:15 – 10:45 Coffee
10:45 – 12:15 Second morning session

Chair: Resmerita Elena
GEDICKE JOSCHA

Numerical homogenization of heterogeneous fractional Laplacians
RIEDER ALEXANDER

hp-FEM approximation of a parabolic fractional diffusion problem
ROJIK CLAUDIO

Commuting p-version projection-based interpolation on tetrahedra
RUGGERI MICHELE

Adaptive stochastic Galerkin FEM for parametric partial differential equa-
tions
SCHIMANKO STEFAN

Adaptive BEM with inexact PCG solver yields almost optimal computational
costs
WESS MARKUS

Frequency dependent complex scaling for exterior Helmholtz resonance prob-
lems

12:15 – 14:00 Lunch break
14:00 Visit of Karl Popper Foundation
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Abstracts



hp-Finite Elements for Elliptic Optimal Control Problems with Control
Constraints

Lothar Banz and Michael Hintermüller and Andreas Schröder

We consider a distributed elliptic control problem with control constraints formulated as a three
field problem. The latter consists of two variational equations for the state and the co-state vari-
ables as well as of a variational inequality over a convex set for the control variable. The adjoint
control is associated with the residual of the variational inequality but does not appear in the weak
formulation. Each of the three variables are discretized independently by standard hp-finite el-
ement techniques, in particular the non-penetration condition of the control variable is relaxed
from the entire domain to a finite set of quadrature points.
Under the condition that the regularization parameter is sufficiently large we proof an a priori er-
ror estimate and guaranteed convergence rates in the mesh sizes and in the polynomial degrees
under assumed regularity. Moreover, we derive a family of reliable a posteriori error estimators for
all positive regularization parameters allowing hp-adaptivity.
Several numerical experiments demonstrate the practicability of our proposed hp-method, the
efficiency of our a posteriori error estimate and the improved (optimal) order of convergence ob-
tained by adaptivity. In particular, the hp-adaptive scheme shows superior convergence rate.



Entropy preserving DG discretization for Fisher’s equation

Francesca Bonizzoni, Marcel Braukhoff, Ansgar Jüngel and Ilaria Perugia

This talk concerns the following Cauchy problem for the (linear) Fisher’s equation:





ut (t , x) = D∆u(t , x)+u(t , x) (1−u(t , x)) , in (0,T )×Ω
∇u(t , x) ·n = 0, in (0,T ]×∂Ω
u(0, x) = u0(x), inΩ

(1)

where D > 0 is the (constant) diffusion coefficient,Ω⊂Rd (d = 1,2,3) is an open bounded domain
with Lipschitz boundary, and T > 0. The PDE in (1) is a reaction-diffusion equation modeling
the time evolution of the density of one species u confined in the bounded domain Ω with initial
concentration u0. According to this interpretation, given 0 ≤ u0(x) ≤ 1, we expect 0 ≤ u(t , x) ≤
1, ∀(t , x) ∈ (0,T )×Ω. Despite this condition holds in the continuous setting (see e.g. [1]), at the
discrete level it not straightforward.
Let uk (x) denote the semi-discrete (via the implicit Euler scheme) weak solution of (1) at the point
tk of the time grid, i.e.,

∫

Ω
uk v d x +∆t

∫

Ω
∇uk ·∇v d x +∆t

∫

Ω
uk (1−uk )v d x =

∫

Ω
uk−1v d x, ∀v ∈ H 1(Ω). (2)

Since uk (x) is proved to be non-negative for all k ∈ N, following [2] we rewrite uk (x) as uk (x) =
eλk (x). Hence, problem (2) becomes a non-linear reaction-diffusion equation in the unknown λk :

∫

Ω
eλk v d x +∆t

∫

Ω
∇eλk ·∇v d x +∆t

∫

Ω
eλk (1−eλk )v d x =

∫

Ω
eλk−1 v d x, ∀v ∈ H 1(Ω). (3)

We introduce an entropy Sk for problem (3), and we prove both that {Sk }k is monotonically de-
creasing to S0, and that {eλk }k converges in the L1(Ω)-norm to the unique stable steady state
eλ

∗ = 1.
We devise a Discontinuous Galerkin (DG) space-discretization for the non-linear PDE (3), which
is entropy preserving, in the sense that the discrete entropy {Sk

h}k is monotonically decreasing to

S0
h . The fully discrete solution uk

h = eλ
k
h , which is non-negative by construction, converges to the

steady state. 1D numerical examples are provided.

References.

[1] Salsa, S. and Vegni, F. and Zaretti, A. and Zunino, P. A primer on PDEs: models, methods, sim-
ulations, 2013, Springer Science & Business Media

[2] Chen, L. and JÃijngel, A. Analysis of a parabolic cross-diffusion population model without self-
diffusion, Journal of Differential Equations, Volume 224, Issue 1, 2006, Pages 39-59.



A fictitious domain approach for a finite element method solving the
two-phase Stokes problem with surface tension

Sébastien Court

We present a finite element method for simulating the motion of a bubble-soap immersed in a
viscous incompressible fluid. The bubble-soap is considered as a closed hypersurface, and the
Stokes system is considered on both sides of this boundary. The latter is implemented with a level-
set function, cutting a Cartesian mesh, and the standard basis functions are locally multiplied by
Heaviside functions. This approach defines a fictitious domain method [4] which is a simplified
version of Xfem [3].
The coupling model lies in the consideration of jump conditions across this boundary. The pres-
ence of this boundary results in a surface tension force which induces a jump of the normal trace
of the Cauchy stress tensor. The response of the fluid is the trace of the velocity on this boundary,
defining a Poincaré-Steklov operator of Neumann-to-Dirichlet type. This velocity is an additional
variable, also seen as a multiplier for the jump condition, and getting a good convergence for this
quantity is crucial, since it determines the evolution of the bubble-soap in an unsteady framework.
On the other hand, the price-to-pay for our method, with respect to Xfem, is a lack of convergence
for this multiplier. For circumventing this issue, an augmented Lagrangian technique à la Barbosa-
Hughes [1, 2] is deployed in order to stabilize the approximation of this velocity, in particular to
recover robustness with respect to the way the boundary cuts the mesh.
We provide analysis of the stabilized method by proving a discrete inf-sup condition, leading to the
optimal rates of convergence for the approximated variables. This is underlined by convergence
curves in 2D and 3D, as well as tests showing the robustness of the approximation with respect to
the geometry, in order to anticipate the unsteady framework. Unsteady simulations are performed,
based on the model coupling the normal mean-curvature of the surface as surface tension force,
and the Eulerian velocity of the surface as response of the environing fluid. We observe that asymp-
totically the boundary tends to the sphere, as expected by the theory.

http://sebastien.court.math.free.fr/

References.

[1] H. J. C. BARBOSA, T. J. R. HUGHES, The finite element method with Lagrange multipliers on the
boundary: circumventing the Babuška-Brezzi condition, Comput. Meth. Appl. Mech. Engrg.,
85, pp. 109–128, 1991.

[2] H. J. C. BARBOSA, T. J. R. HUGHES, Boundary Lagrange multipliers in finite element methods:
error analysis in natural norms, Numer. Math., 62, pp. 1–15, 1992.

[3] N. MOËS, J. DOLBOW, T. BELYTSCHKO, A finite element method for crack growth without
remeshing, Int. J. Numer. Meth. Engng, 46, pp. 131–150, 1999.

[4] J. HASLINGER, Y. RENARD, A new fictitious domain approach inspired by the extended finite
element method, SIAM J. Numer. Anal., 47 (2), pp. 1474–1499, 2009.



A Reduced Basis Method for Fractional Diffusion Operators

Tobias Danczul and Joachim Schöberl

Several authors have proposed and analyzed numerical methods for fractional differential oper-
ators, in particular Fourier Galerkin schemes and Caffarelli-Silvestre extensions. By means of a
reduced basis method, we project the operator to a low dimensional space, where the fractional
power can be directly evaluated via the eigen-system. By an optimal choice of the the sample
points we can prove exponential convergence. Numerical experiments evaluating the operator
and the inverse operator confirm the analysis.

Finally, we consider the time-dependent Fractional Cahn-Hilliard Equation (FCHE). By a splitting
method we decouple the non-linear operator from the fractional diffusion operator. The linear
fractional parabolic equation is solved on the low dimensional reduced basis space.

All proposed methods are easy to implement into existing finite element packages. In our case, the
algorithms where implemented within the Python interface NGS-Py of the finite element library
NGSolve.



A parallel space-time boundary element method for the heat equation

Stefan Dohr and Olaf Steinbach

The standard approach in space-time boundary element methods for discretizing boundary inte-
gral equations is using space-time tensor product spaces, originating from a separate decompo-
sition of the boundary ∂Ω and the time interval (0,T ). This space-time discretization technique
allows us to parallelize the computation of the global solution of the whole space-time system.
Instead of using tensor product spaces one can also consider an arbitrary decomposition of the
whole space-time boundary Σ = ∂Ω× (0,T ) into boundary elements. This approach additionally
allows adaptive refinement in space and time simultaneously.
In this talk we consider the heat equation as a model problem and introduce a parallel solver for
the space-time system. The space-time boundary mesh is decomposed into a given number of
submeshes. Pairs of the submeshes represent blocks in the system matrix. Due to the structure
of the matrix one has to design a suitable scheme for the distribution of the matrix blocks to the
computational nodes in order to get an efficient method. In our case the distribution is based on a
cyclic decomposition of complete graphs. We present numerical tests to evaluate the efficiency of
the proposed parallelization approach.
The presented parallel solver is based on joint work with G. Of from TU Graz, J. Zapletal and M.
Merta from the Technical University of Ostrava.



Adaptive Refinement for Multiple Goal Functionals Applied to
Nonlinear Problems

B. Endtmayer , U. Langer and T. Wick

In this talk, we further develop multigoal-oriented a posteriori error estimation, introduced in [1]
for linear problems, in two directions. First, we formulate goal-oriented mesh adaptivity for mul-
tiple functionals of interest for nonlinear problems in which both the partial differential equation
and the goal functionals may be nonlinear. Our method is based on a posteriori error estimates in
which the adjoint problem is used and a partition-of-unity is employed for the error localization
that allows us to formulate the error estimator in the weak form. We provide a careful derivation
of the primal and adjoint parts of the error estimator. The second objective is concerned with bal-
ancing the nonlinear iteration error with the discretization error yielding adaptive stopping rules
for Newton’s method. Our techniques are substantiated with several numerical examples includ-
ing scalar Partial Differential Equations (PDEs) and systems of PDEs, geometric singularities, and
both nonlinear PDEs and nonlinear goal functionals. In these tests, up to six goal functionals are
simultaneously controlled.
The results of this talk are published as RICAM Report [2]. This work has been supported by the
Austrian Science Fund (FWF) under the grant P 29181 ‘Goal-Oriented Error Control for Phase-
Field Fracture Coupled to Multiphysics Problems’. The first author thanks the Doctoral Program
on Computational Mathematics at JKU Linz the Upper Austrian Goverment for the support when
starting the preparation of this work. The third author was supported by the Doctoral Program on
Computational Mathematics during his visit at the Johannes Kepler University Linz in March 2018.

References.

[1] B. Endtmayer and T. Wick. A Partition-of-Unity Dual-Weighted Residual Approach for Multi-
Objective Goal Functional Error Estimation Applied to Elliptic Problems. Comput. Methods
Appl. Math., 17(4):575-599, 2017.

[2] B. Endtmayer and U. Langer and T. Wick. Multigoal-Oriented Error Estimates for Non-linear
Problems. RICAM Report Nr. 2018-08, Linz, 2018.



A new data structure for stencil matrices

Markus Gasteiger
(University of Innsbruck)

When solving differential equations, one often uses a stencil representation or banded matrices
for the corresponding finite difference discretization. These have lower memory requirements
and faster linear algebra operations, in particular for matrix-vector multiplications. This makes
solving large systems (with iterative schemes on HPC systems) feasible. But, these sparse matrix
representations are limited, if the matrix itself is a function of dependent variables.
Hence, we present a data structure for such complex finite difference stencils that does not need
a dense matrix. Moreover, we show an implementation, which simplifies the stencil management
and operations. Examples demonstrate some of the features.



Numerical homogenization of heterogeneous fractional Laplacians

Donald L. Brown, Joscha Gedicke and Daniel Peterseim

In this talk, we develop a numerical multiscale method to solve the fractional Laplacian with a het-
erogeneous diffusion coefficient. The fractional Laplacian is a non-local operator in its standard
form, however the Caffarelli-Silvestre extension allows for a localization of the equation. This adds
a complexity of an extra spacial dimension and a singular/degenerate coefficient depending on
the fractional order. Using a sub-grid correction method, we correct the basis functions in a nat-
ural weighted Sobolev space and show that these corrections are able to be truncated to design a
computationally efficient scheme with optimal convergence rates. We further show that we can
obtain a greater rate of convergence for sufficient smooth forces, and utilizing a global projection
on the critical boundary. We present some numerical examples, utilizing our projective quasi-
interpolation in dimension 2+1 for analytic and heterogeneous cases to demonstrate the rates and
effectiveness of the method.

References.

[1] D.L. Brown, J. Gedicke, and D. Peterseim, Numerical homogenization of heterogeneous frac-
tional Laplacians, eprint arXiv:1709.00730, 2017



On space-time formulations for Maxwell’s equations

Julia Hauser, Olaf Steinbach

We consider Maxwell’s equations in a Lipschitz domain and the electric permittivity and
magnetic permeability as symmetric, positive definite and bounded matrix functions. Until
now the main work in finite element methods for Maxwell’s equations considers the static
or the time harmonic case. We however consider a more general case. Therefore we pose
space-time formulations for Maxwell’s equations and compare them. Then we will look on
the uniqueness and solvability and end up with an outlook on further steps.



Order conditions for exponential integrators

Harald Hofstätter, Winfried Auzinger, and Othmar Koch

In this talk I will introduce a new algorithm for the generation of order conditions for exponential
integrators, i.e., of the system of polynomial equations the coefficients of such an integrator have
to satisfy in order to attain a certain desired convergence order.
The algorithm is very general, it covers inter alia splitting methods for evolution equations of type
u′(t ) = Au(t )+Bu(t ), and Magnus and commutator-free integrators for time-dependent equations
of type u′(t ) = A(t )u(t ). Furthermore, the algorithm is easily adaptable to new situations, very
efficient, and still relatively easy to implement.
I will sketch a proof of the correctness of the new algorithm and discuss some applications, which
already led to the construction of new high-order integration schemes.



A computable strict upper bound for Krylov subspace approximations
to the exponential of skew-Hermitian matrices

Tobias Jawecki and Winfried Auzinger.

We present a defect-based a posteriori error estimate for Krylov subspace approximations to the
exponential of skew-Hermitian matrices. This error estimate constitutes a computable strict upper
norm bound on the error and is asymptotically correct. For the proof we use the representation of
matrix functions via Hermite interpolation on the spectrum and properties of divided differences.
The matrix exponential function itself can be understood as a time propagation with restarts. In
practice, we are interested in finding time steps for which the error of the Krylov subspace ap-
proximation is smaller than a given tolerance. Finding correct time steps is a simple task with our
asymptotic error estimate. Our results obtained in this way are comparable or better than those
obtained by existing approaches.



Helmholtz-Hodge decomposition of compressible flows

Manfred Kaltenbacher and Stefan Schoder

In [1] a general idea towards aeroacoustics has been proposed to split flow variables (p,u, ...) into
a base flow (non-radiating) and a remaining component (acoustic, radiating fluctuations)

?= ?̃+?′ . (1)

Naturally, the incompressibility condition regarding the concept of a non-radiating base flow leads
to the Helmholtz-Hodge decomposition of the flow field. We propose an additive splitting on the
bounded problem domainΩ of the velocity field u ∈ L2(Ω) in L2-orthogonal velocity components

u = uic +uc +uh =∇× Aic +∇φc +uh , (2)

where uic represents the solenoidal (non-radiating base flow) part, uc the irrotational (radiating)
part and uh the harmonic (divergence-free and curl-free) part of the flow velocity. The scalar po-
tential φc is associated with the compressible part and the property ∇×uc = 0, whereas the vector
potential Aic describes the solenoidal part of the velocity field, satisfying ∇·uic = 0.
Based on the decomposition (2) we formulate the actual computation of the additive velocity com-
ponents for a bounded domain, where the compressible flow field u and its derivatives do not de-
cay towards or vanish at the boundaries of the decomposition domain. Thus, we have to include
the harmonic part uh of the decomposition. The harmonic part is the homogeneous solution of
the partial differential equation and physically speaking the potential flow solution of the con-
figuration. Now, we have to be aware that at reentrant corners singularities in the compressible
velocity component u∗,c =∇φ∗,c arise. This holds for domains, where corners with an angle θ > π

exist. Therefore, instead of solving for the compressible part, we apply the curl to (2) and obtain
the vector valued curl-curl equation with the vorticityω=∇×u as forcing

∇×∇× A∗,ic =∇×u =ω . (3)

The star denotes the joint function of both parts, the incompressible and the harmonic one. The
function space for the vector potential requires a finite element discretization with edge elements
(Nédélec elements). Due to the space and the orthogonality condition, the decomposition fulfills
along the boundary ∫

Γ
A∗,ic · (uc ×n)ds = 0, (4)

ensuring the orthogonality of the components and an unique decomposition. Finally, we obtain
the non-radiating component, which contains all divergence-free components, as

ũ := u∗,ic =∇× A∗,ic . (5)
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Adaptive exponential Lawson methods for nonlinear Schrödinger
equations

Othmar Koch and W. Auzinger, I. Brezinova, H. Hofstätter

We discuss adaptive step selection for time-stepping schemes applied in large-scale simulations
of quantum systems. For highly nonlocal nonlinear potentials arising in model reductions such as
the multi-configuration time-dependent Hartree-Fock (MCTDHF) method, exponential Lawson-
multistep schemes show the best performance due to their long-time stability and minimal num-
ber of evaluations of the nonlocal potential. The methods can also be equipped with error estima-
tors which ensure a reliable, stable adaptive time propagation. The convergence of the methods is
established theoretically and their performance is assessed.



MRI Simulations using Finite Element Methods

Christopher Lackner, Joachim Schöberl, Elmar Laistler, Sigrun Goluch and Roberta Frass

In MRI imaging the resolution quality of the images strongly relies on the strenght of the produced
magnetic field of transmitter coils, which at the same time, for the savety of the patient, must not
induce strong electric currents. Because of this, optimization of these coils is a strong focus in on-
going research and efficient simulation methods are in need. In our collaboration with the AKH
Vienna we use NGSolve [1] to simulate parts of the human body inside an MRI scanner. From real
human body voxel data we create a mesh for finite element simulations, with strongly different
material properties (i.e. bones and flesh) meshed seperately. On this mesh we solve Maxwell’s
equations with high order finite element methods using a perfectly matched layer as absorbing
boundary condition. We will discuss problems arising in these computations as well as the tech-
niques used to solve them. We will give a short comparision between our software and the finite
difference environment that is current standard in the MRI community.
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A mass conserving mixed stress formulation for incompressible flows

Jay Gopalakrishnan and Philip L. Lederer and Joachim Schöberl

One of the main difficulties in computational fluid dynamics lies in the proper treatment of the
incompressibility condition div(u) = 0. A weak treatment of this constraint can lead to a locking
phenomena if the viscosity is small ν¿ 1 and results in bad velocity approximations. Recent de-
velopments (see [1]) show that H(div)-conforming finite elements for the approximation of the
velocity provide major benefits such as exact mass conservation, pressure-independent (locking
free) and polynomial robust (see [2]) error estimates. By introducing a new variable which approx-
imates the gradient of an H(div)-conforming velocity we derive a new mixed stress formulation
of the incompressible Stokes equations. For the analysis a new function space, the H(curl div), is
defined. Beside the well posedness in the infinite dimensional case we present the construction
of proper Finite elements, show a discrete stability and verify our method with several numerical
examples.
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Non-conforming harmonic virtual element method: h- and p-versions

L. Mascotto, I. Perugia, A. Pichler

The virtual element method (VEM) is a recent generalization of the finite element method (FEM).
Among the main features of VEM, we recall the employment of polygonal/polyhedral meshes and
the possibility of building in an easy fashion global spaces of arbitrary regularity.
A modification of the classical VEM [1], which goes under the name of harmonic virtual element
method (HVEM) [2], allows for very efficient approximation properties when solving Laplace prob-
lems. The HVEM is inspired by the pioneering work [3] and its main issue is that it employs degrees
of freedom only on the skeleton of the polygonal decomposition, thus avoiding the usage of un-
necessary bubble functions employed in standard VEM, yet providing optimal approximation of
harmonic functions.
In this talk, we present the non-conforming h- and p-versions of the HVEM [4]. The reason for
this new approach is twofold. On the one hand, the technical tools used in our p-analysis can be
employed as well in the analysis of more general non-conforming FEM and VEM. On the other,
the non-conforming approach presented here paves the way for the construction of Trefftz-based
virtual element spaces tailored for the approximation of solutions to more involved problems, e.g.
the Helmholtz equation.
Both theoretical and numerical results are shown.
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An energy-conserving isogeometric space-time method
for the wave equation

Clemens Hofreither and Martin Neumüller

Institute of Computational Mathematics, Johannes Kepler University,
Altenberger Str. 69, 4040 Linz, Austria

We present a novel isogeometric discretization method for the linear wave equation based on a
space-time formulation. The computational domain is represented by a standard isogeometric ge-
ometry map, and a discretization space for the entire space-time cylinder built upon this domain is
constructed by means of tensor product spline spaces. We show how the resulting space-time stiff-
ness matrix, based on the novel space-time variational formulation, can be efficiently computed
by exploiting the tensor product structure of the involved spaces.
By a judicious choice of the test function in the variational formulation, we show that we can guar-
antee the exact conservation of the wave energy at the final time. Here we take advantage of the
particular properties of Isogeometric Analysis which make it very easy to construct test and trial
spaces which are C 1 in time, and to prescribe both the initial values and the initial derivatives of
the solution in an essential way by eliminating certain degrees of freedom.
In several examples, we illustrate the convergence behavior of the new method. We demonstrate
proper combinations of spline spaces for the space and time components of the discretization
which lead to optimal convergence of the method with respect to the approximation order of the
space discretization.
We also present a time decomposition scheme where the space-time cylinder is split into a number
of time “slabs”, each of which is discretized by the proposed novel method. This leads to exact
energy conservation at each time break point and enables a possible interpretation of the method
as a time-stepping scheme.



Fluid-Structure Interaction with H(div)-Conforming HDG and a new
H(curl)-Conforming Method for Non-Linear Elasticity

Michael Neunteufel and Joachim Schöberl

Fluid-structure-interaction problems arise in a variety of engineering applications and finding
appropriate discretization is still challenging. Often Taylor-Hood elements for the fluid and H1-
conforming elements for the solid are used, as they are easy to implement, however they entail
some disadvantages.

In this talk we present a new kind of coupling of the Navier-Stokes equations with the elastic wave
equation using mixed methods. The H(div)-conforming Hybrid Discontinuous Galerkin method is
used for the discretization of the Navier-Stokes equations, which brings a new term in the Arbitrary
Lagrangian Eulerian description besides the appearing mesh velocity.
For the elasticity part we introduce a new method, which is based on the idea to use H(curl)-
conforming elements for the velocity instead of standard H1-elements. Therefore an additional
variable is needed: the momentum, for which we use the dual space of H(curl).

The method is implemented in NGS-Py, which is based on the finite element library Netgen/NGSolve
(www.ngsolve.org). Finally, we present numerical results.



Shape optimization for nonlinear ultrasound focusing

Markus Muhr, Vanja Nikolić, Barbara Wohlmuth, and Linus Wunderlich

In this talk, we will discuss how focusing of high-intensity ultrasound can be improved by modify-
ing the geometry of focusing devices through shape optimization. Our research is motivated by the
need to efficiently focus ultrasound with high-power sources in, for instance, medical treatments
of kidney stones and certain types of cancer.
The shape optimization problem is formulated by introducing a tracking-type cost functional,
where we require the acoustic pressure to match a desired pressure distribution in the focal re-
gion [1]. The Westervelt equation, a nonlinear acoustic wave equation, is employed to model the
pressure field. We take the optimize first, then discretize approach, relying on the shape calculus
in the continuous setting. We develop a gradient-based optimization algorithm within the concept
of isogeometric analysis, where the geometry is exactly represented by splines in every optimiza-
tion step and the same basis is used to approximate the equations. Numerical experiments in a 2D
setting will illustrate our findings.
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Numerical treatment of semicoercive contact problem with
nonmonotone friction

Nina Ovcharova and Joachim Gwinner

We present a novel numerical solution procedure for semicoercive hemivariational inequalities.
As a concrete example, we consider a unilateral semicoercive contact problem with nonmonotone
friction modelling the deformation of a linear elastic block in a rail, and provide numerical results
for benchmark tests. The proposed numerical scheme is extended to treat the more complicated
nested derivative discontinuities as well. As a simple model we consider a nonmonotone friction
law expressed in a subdifferential form by means of a nested max-min function.
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Polynomial Chaos Expansion for Solving Stochastic LQR Problems

Lena-Maria Pfurtscheller
(University of Innsbruck)

We consider the infinite dimensional stochastic linear quadratic optimal control problem and pro-
vide a numerical framework for solving this problem using a polynomial chaos expansion ap-
proach. This leads to a system of deterministic partial differential equations in terms of the co-
efficients of the state and the control variables. We set up an optimal control problem for each
equation, which results in a set of deterministic linear quadratic regulator problems. We solve
these control problems by deterministic methods from the literature and compute the solution
of the stochastic problem. We validate our approach with numerical examples compared to the
standard approach. Moreover, we discuss the difference between the finite and infinite horizon
case.
This is joint work with Tijana Levajković and Hermann Mena.
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A low-rank integrator for semilinear stiff matrix differential equations

Chiara Piazzola (University of Innsbruck)

In this talk we address the problem of solving large-scale matrix differential equations. In partic-
ular, we consider semilinear stiff problems. We propose a low-rank integrator based on splitting
methods to separate the stiff linear part of the equation from the non-stiff nonlinear one. Then the
solutions of the subproblems are approximated by low-rank ones. An efficient exponential integra-
tor based on Leja interpolation is employed for the solution of the linear subproblem. The nonlin-
earity is handled by means of the so-called projector-splitting integrator which is an integrator to
efficiently compute time-dependent low-rank approximations. We provide a convergence analysis
of the presented scheme and show some numerical results.
This is joint work with A. Ostermann and L.-M. Pfurtscheller (University of Innsbruck), H. Mena
(Yachay Tech, Ecuador), and H. Walach (University of Tübingen, Germany).
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Nonconforming Trefftz virtual element method for the Helmholtz
problem

L. Mascotto, I. Perugia, A. Pichler

The numerical approximation of time-harmonic wave propagation problems presents intrinsic
difficulties, due to the oscillatory nature of analytical solutions. Standard (polynomial-based)
Galerkin finite element methods deliver accurate approximation only at very high cost. Therefore,
for these problems, finite element methods based on incorporating a priori knowledge about the
differential problem to be discretized into the local approximating spaces have become increas-
ingly popular. Finite element-type schemes having the feature that their test and trial functions
are (locally) solutions to the targeted differential equation are known in literature as Trefftz meth-
ods [1].
In this talk, we present a Trefftz virtual element method (VEM) for the approximation of solutions
to the Helmholtz problem on general polygonal meshes. The Trefftz basis functions are not known
in closed form, as typical in the VEM framework [2], and the interelement continuity constraints
are imposed in a nonconforming sense [3]. This method can be regarded as an extension to the
Helmholtz problem of the nonconforming harmonic VEM introduced in [4].
Both theoretical and numerical results are discussed.
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Implicit-Multiscale-Finit-Element implementation of distributed
multi-scale simulations

Franz Pichler and Gundolf Haase and Alexander Thaler

Abstract: An implicit-multi-scale-finite-element-method, which provides the tools to strongly cou-
ple cross-scale effects of multi-scale models, is proposed. Such coupling is realized by setting up
monolithic systems, implicitly describing all scales at once. This approach is compared to the
common weak coupling schemes, in which separate problems are set-up for the separate scales.
It is shown that for the treatment of strong non-linearities in multi-scale models, the proposed
method shows advantages in robustness and computational cost over the discussed weak cou-
pling schemes. The results are presented based on a distributed two-phase diffusion model (see
Figure 1) along with standard results of homogenization [1] (e.g. calculation of effective macro-
scopic diffusion based on the solution of the cell-problem, see Figure 2).

Figure 1: Domain of multi-scale diffusion problem.

Figure 2: Effective periodic flow based on solution of the homogenization cell problem.
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Transparent BCs for the KdV equation

Mirko Residori

Abstract
We propose a way to treat the transparent boundary conditions for the linearized
Korteweg–de Vries (KdV) equation with space dependent coefficients in 1D:

ut + a(x)ux + b(x)uxxx = 0.

We follow a splitting strategy in order to divide the full equation into its dis-
persive part ut + b(x)uxxx = 0 and its transport part ut + a(x)ux = 0. The
transparent boundary conditions are then derived in a full–discrete setting using
the Crank–Nicolson and explicit Euler finite different schemes for the dispersive
and transport equation respectively. Numerical simulations are presented that
illustrate the theoretical results.
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hp-FEM approximation of a parabolic fractional diffusion problem

Jens Markus Melenk, Alexander Rieder

In this talk, we present an approximation scheme for the following time dependent fractional dif-
fusion problem on a domainΩ⊆Rd :

ut + (−∆)su = f , u(0) = u0, and u|∂Ω = 0

with a parameter s ∈ (0,1). In order to localize the non-local operator (−∆)s , we employ the so-
called Caffarelli-Silvestre extension, which yields an equivalent d +1-dimensional local problem.
This kind of problem exhibits two sources of singularities, which need to be taken into account for
the numerical scheme: The extended problem is degenerate for y → 0, where y is the extended
variable, and for t → 0, the parabolic problem may suffer from startup singularities due to incom-
patibilities of the data with the boundary condition on u.
For discretization, we consider a hp-type finite element discretization in space, and an hp-DG
method for the time variable. In the one dimensional setting (i.e., d = 1), we rigorously prove
exponential convergence of the method without imposing a compatibility condition on the data.



Commuting p-version projection-based interpolation on tetrahedra

Claudio Rojik and Jens Markus Melenk

Approximation of vector-valued functions, especially in the spaces H(curl) and H(div), arises in
electromagnetism and elasticity. In addition to having certain approximation properties, these
interpolation operators are typically required to be projections and to have a commuting diagram
property. Various operators with all these properties have been developed for the h-version, but
operators featuring the optimal convergence rates in the p-version have still been missing.
Higher order interpolation operators with the projection and commuting diagram properties have
been developed by L. Demkowicz and coworkers. Under the regularity requirements H 1+s with
s > 1/2 for scalar functions, and H s(curl) with s > 1/2 and H s(div) with s > 0 for vector-valued
functions, interpolation operators were constructed [2] that satisfy the desired properties and have
optimal convergence rates up to logarithmic factors log p.
In this talk, we present interpolation operators for the p-version with the desired properties and
optimal convergence rates under the more stringent regularity assumptions s ≥ 1 that allow us to
get rid of the logarithmic factors.
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Adaptive stochastic Galerkin FEM
for parametric partial differential equations

Alex Bespalov, Dirk Praetorius, Leonardo Rocchi, and Michele Ruggeri

Parametric partial differential equations (PDEs) arise in several contexts such as inverse and opti-
mization problems, uncertainty quantification, and reduced basis approximations. In such PDEs,
the differential operators might depend on large, possibly in finite, sets of parameters, so that naive
applications of standard numerical methods often lead to the so-called ‘curse of dimensionality’.
In this talk, we present an adaptive stochastic Galerkin FEM for parametric elliptic boundary value
problems. The adaptive algorithm employs an a posteriori error estimator, which can be decom-
posed into a two-level estimator in the physical domain and a hierarchical estimator in the pa-
rameter domain. This structure of the estimated error is exploited by the algorithm to perform a
balanced adaptive refinement of the spatial and parametric discretizations. The talk is based on
recent work with Alex Bespalov (U Birmingham), Dirk Praetorius (TU Wien), and Leonardo Rocchi
(U Birmingham).



Space-time Finite Element Methods for Parabolic
Initial-Boundary-Value Problems with Variable Coefficients

Ulrich Langer, Martin Neumüller and Andreas Schafelner

In this talk, we present a real space-time finite element method for the numerical solution of
parabolic initial-boundary value problems (IBVP) with variable in space and time, possibly discon-
tinuous coefficients. Such problems typically arise in the simulation of heat conduction problems,
diffusion problems, but also for two-dimensional eddy current problems in electromagnetics. Dis-
continuous coefficients allow the treatment of moving interfaces like the rotation of an electrical
motor. Instead of using classical time-stepping methods or space-time methods based on time
slices, we treat time just as another variable. We introduce a conforming space-time finite element
method based on time-upwind stabilization. The presented method is an extension of the method
introduced by Langer et al. in [2] to variable coefficients, unstructured space-time finite element
discretizations, and local stabilizations. Under some conditions imposed on the stabilization pa-
rameter, the method is stable in the sense that the stabilized bilinear form is elliptic on the finite
element space. This ellipticity together with boundedness, consistency and interpolation results
yields a priori discretization error estimates. Moreover, the conforming space-time finite element
method presented by Steinbach in [3] is a special case of our scheme. Our method also includes
the case of local stabilizations, which are important for space-time adaptivity.
To study the method in practice, we consider several typical model problems in one, two, and
three spatial dimensions. The implementation of our space-time finite element method is fully
parallelized with MPI. Extensive numerical studies were performed on the high performance com-
puting cluster RADON1, which operates with distributed memory. We studied the numerical con-
vergence behaviour of our method as well as the strong and weak scalings of our parallel solver.
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Adaptive BEM with inexact PCG solver yields almost optimal
computational costs

Thomas Führer, Alexander Haberl, Dirk Praetorius and Stefan Schimanko

We consider the preconditioned conjugate gradient method (PCG) with optimal precondi-
tioner in the frame of the boundary element method (BEM) with adaptive mesh-refinement.
As model problem serves the weakly-singular integral equation V φ = f associated with the
Laplace operator. Given an initial mesh T0, adaptivity parameters 0 < θ ≤ 1 and λ > 0,
counter j = 0 (for the mesh-sequence Tj) and k = 0 (for the PCG steps per mesh Tj), as well
as a discrete initial guess φ00 ≈ φ on T0 (e.g., φ00 = 0), our adaptive strategy reads as follows:

(i) Update counter (j, k) 7→ (j, k + 1).

(ii) Do one PCG step to obtain φjk from φj(k−1).

(iii) Compute refinement indicators ηj(T, φjk) for all elements T ∈ Tj .

(iv) If λ−1 ‖φjk − φj(k−1)‖2 > ηj(φjk)2 =
∑

T∈Tj ηj(T, φjk)2, continue with (i).

(v) Otherwise determine marked elementsMj ⊆ Tj such that θ ηj(φjk)2 ≤∑
T∈Mj

ηj(T, φjk)2.

(vi) Refine all T ∈Mj to obtain the new mesh Tj+1.

(vii) Update counter (j, k) 7→ (j + 1, 0) and continue with (i).

For a posteriori error estimation, we employ the weighted-residual error estimator. If the final
φjk on each mesh Tj is the exact Galerkin solution, then linear convergence of adaptive BEM,
even with optimal algebraic rates, has first been proved in [?, ?]. As a novel contribution, we
now extend this result to adaptive BEM with inexact PCG solver.
We prove that the proposed adaptive algorithm does not only lead to linear convergence of
the error estimator (for arbitrary 0 < θ ≤ 1 and λ > 0) with optimal algebraic rates (for
0 < θ, λ � 1 sufficiently small), but also to almost optimal computational complexity, if
H2-matrices (resp. the fast multipole method) are employed for the effective treatment of
the discrete integral operators. In particular, we provide an additive Schwarz preconditioner
which can be computed in linear complexity and which is optimal in the sense that the
condition numbers of the preconditioned systems are uniformly bounded.
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Boundary element methods for shape optimization problems

O. Steinbach and N. Köster

The shape derivative of cost functionals in shape optimization problems can be represented in
the Hadamard-Zolesio form which implies the choice of the new search direction. We will recall
the computation of the shape derivative, and we comment and discuss the choice of different cost
functionals and search directions. Numerical results are given which illustrate the potential of the
proposed approach.



A uniformly accurate finite difference method for the Zakharov
equations in the subsonic limit regime

Chunmei Su and Weizhu Bao

A uniformly accurate numerical method is presented for discretizing the Zakharov system (ZS) with
a dimensionless parameter 0 < ε≤ 1, which is inversely proportional to the acoustic speed. In the
subsonic limit regime, i.e., 0 < ε≪ 1, the solution of the ZS propagates waves with O(ε)-wavelength
in time due to the singular perturbation of the wave operator in ZS and/or the incompatibility of
the initial data. A uniformly accurate finite difference method is proposed by reformulating the
ZS into an asymptotic consistent formulation and adopting an integral approximation of the os-
cillatory term. By applying the energy method and using the limiting equation via a nonlinear
Schrödinger equation with an oscillatory potential, we prove that the method converges quadrat-
ically and optimally in space, and (at least) linearly in time, respectively, which is uniformly for
0 < ε≤ 1. Numerical results show that the error bounds are sharp.
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Robust multigrid solvers for Isogeometric Analysis

S. Takacs

In recent publications, the author and his coworkers have proposed robust multigrid methods for
isogeometric discretizations [1,2,3]. These methods allow to solve the linear system arising from
the discretization of an elliptic partial differential equation in a single-patch setting with conver-
gence rates that are provably robust both in the grid size and the spline degree.
In real-world problems, the computational domain cannot be represented well by just one patch.
In computer aided design, such domains are typically represented as a union of several patches.
The ansatz functions on the patches are either coupled in a strong sense or using a discontinuous
Galerkin approach. In the talk, we will discuss multigrid methods for the resulting systems. Both a
sketch of the convergence theory from [4] and numerical experiments indicating the efficiency of
the proposed methods will be presented.
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Frequency dependent complex scaling for exterior Helmholtz
resonance problems

M. Wess and L. Nannen

Complex scaling is a popular method for treating scattering and resonance problems in open
domains. Thereby the unbounded domain is decomposed into a bounded interior and an un-
bounded exterior part. Subsequently, complex scaling is applied to the exterior domain to obtain
exponentially decreasing solutions. Afterwards the complex scaled exterior is usually truncated
and discretized using finite elements. To avoid truncation and obtain a better approximation the
finite elements can be replaced by Hardy space infinite elements.
For solving scattering problems it is common to use frequency dependent scaling functions, whereas
for treating resonance problems usually frequency independent scalings are applied to conserve
the linearity of the resulting eigenvalue problem. Unfortunately a frequency independent com-
plex scaling works well only for a very narrow range of frequencies and the approximation de-
pends heavily on the specific choice of the scaling function. To overcome this we use frequency
dependent scaling functions for resonance problems as well, which leads to polynomial eigenvalue
problems. The latter can be treated with no siginificant extra effort compared to linear problems
by using a shift-and-invert Arnoldi algorithm.
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Runge-Kutta type time-stepping for Mapped Tent Pitching Schemes

Christoph Wintersteiger, Joachim Schöberl and Jay Gopalakrishnan

Tent pitching algorithms construct space-time meshes by vertically erecting canopies over ver-
tex patches. The vertical distance in time is restricted by the causality condition, thus the local
time step is determined by the local mesh size and local speed of propagation. These tent pitched
meshes are usually combined with a space-time discretization, which leads to a rather large local
problem on each tent. A Mapped Tent Pitching (MTP) scheme transforms such a tent to a space-
time tensor product domain. Thus it is possible to discretize space and time independently. These
MTP schemes can be thought as fully explicit or locally implicit schemes. While a locally implicit
MTP scheme for linear problem is presented in [1], this talk will focus on fully explicit schemes for
linear and non-linear problems (see also [1, 2]). After the spatial discretization with a DG method
one obtains a system of ordinary differential equations. Due to the transformation the occurring
mass matrix is time-dependent. When using Runge-Kutta methods, this time-dependent mass
matrix leads to convergence orders which are restricted by the stage order. A serious problem
for explicit Runge-Kutta methods and a loss of half the order for implicit Runge-Kutta methods.
To avoid this order reduction we introduce a Runge-Kutta type time-stepping method which is
adapted to this type of equations. Numerical results for linear and non-linear problems will be
shown to verify the convergence rates.
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A Stabilised Space-Time Finite Element Method for the Wave Equation

Marco Zank and Olaf Steinbach

For the discretisation of time-dependent partial differential equations usually explicit or implicit
time stepping schemes are used. An alternative approach is the usage of space-time methods,
where the space-time domain is discretised and the resulting global linear system is solved at once.
In any case CFL conditions play a decisive role for stability.
In this talk the model problem is the scalar wave equation. First, a space-time variational formula-
tion of the wave equation and its discretisation via a space-time approach including a CFL condi-
tion are motivated and discussed. Second, to gain a deeper understanding of the CFL condition an
ordinary differential equation corresponding to the wave equation is analysed. For this ordinary
differential equation an unconditionally stable numerical scheme is introduced. By transferring
this idea to the wave equation a stabilised space-time finite element method for the wave equa-
tion is presented.
Finally, numerical examples for a one-dimensional spatial domain are shown.
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Numerical stability of spline-based Gabor-like systems

Simone Zappala and Darian M. Onchis

In this work we present a characterization for the numerical stability of spline-type systems. These
systems are generated through shifted copies of a given atom over a time lattice. Also, we refor-
mulate the well known Gabor systems via modulated spline-type systems and we apply the cor-
responding numerical stability to these systems. The numerical stability is tested for consistency
against deformations.
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Thank you for coming and good bye!
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